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Abstract. We give another proof of a result of Bennett on the F operator norms of some weighted 
mean matrices for the case p — 2 and we also present some related results. 
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s_, ■ 1. Introduction 

that p > 1, 1 ! ! 

a = (on)n>i with norm 
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l|a||„ := (J2K\ p ) 1/p <oo. 
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The celebrated Hardy's inequality ( [HI Theorem 326] ) asserts that for p > 1 , 
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Suppose throughout that p > 1, - + - = 1. Let l p be the Banach space of all complex sequences 
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Hardy's inequality can be regarded as a special case of the following inequality: 
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>• ■ j=l k=l k=l 

in which C = (c,-fc) and the parameter p are assumed fixed (p > 1), and the estimate is to hold for 
all complex sequences a. The l p operator norm of C is then defined as the p-th root of the smallest 
value of the constant U : 

||C|| PlP = ^. 

Hardy's inequality thus asserts that the Cesaro matrix operator C, given by cj^ = l/j,k < j 
and otherwise, is bounded on V and has norm < p/(p — 1). (The norm is in fact p/(p — 1).) 

We say a matrix A is a summability matrix if its entries satisfy: cu & > 0, gu^ = for k > j and 
Yjk=l a h k = ^" ^ e sa y a summability matrix A is a weighted mean matrix if its entries satisfy: 

5-! ' 3 

aj,k = Afc/Aj, 1 < k < j;Aj = } j A«, Aj > 0, Ai > 0. 

i=i 

A natural generalization of Hardy's inequality is to determine the l p operator norm of an 
arbitrary summability matrix A. For examples, the following two inequalities were claimed to hold 
by Bennett ( gj p. 40-41]; see also p. 407]): 
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whenever a > 0,p > 1, ap > 1. We note here the constant {apj{ap — l)) p is best possible (see [6]). 

No proofs of the above two inequalities were supplied in [3] -[5]. The author [8] and Bennett 
himself [6] proved inequalities (|1.2p for p > I, a > l,ap > 1 and (|1.3p for p > I, a > 2 or 
< a < l,ap > 1 independently. Bennett in fact was able to prove (|1 .2j) for p > 1, a > 0, ap > 1 
(see [6l Theorem 1] with /3 = 1 there) which now leaves the case p>l,l<a<2of inequality 
(jl.3p the only case open. For this, Bennett expects inequality (jl.3p to hold for 1 + 1/p < a < 2 (see 
page 830 of [6]) and as a support, Bennett [6l Theorem 18] has shown that inequality (jl.3p holds 
for a = 1 + l/p,p > 1. Recently, much progress was made on this later case this by the author in 
[9] and [TO]. 

It is our goal in this paper to study inequalities (|l,2p - (|1.3p for the case p = 2, using the approach 
of quadratic forms. For the case of Hardy's inequality (jl.ip . such an approach was used by Schur 
in [13], who showed that for x, y 6 I 2 , 

oo 

(i-4) E^f^r^iwwiyib- 

fr± max(i,j) 

As we shall see later in this paper that the above inequality implies Hardy's inequality (jl.ip . even 
though this was not mentioned in [14] (this is actually prior to Hardy's discovery of (jl.ip ). Further 
developments were carried out by Wilf in [TO] and Wang and Yuan in [TO] . The idea of this approach 
via quadratic forms is to interpret the left-hand side of (jl.ip when p = 2 as a quadratic form so 
that Hardy's inequality follows from an estimations of the largest eigenvalue of the corresponding 
matrix associated to the quadratic form. We will adopt this approach in Section [3] to study the I 2 
norms of weighted mean matrices associated to (jl.2p to give another proof of the following result: 

Theorem 1.1. Let p = 2, then inequality (| 1 . 2 1) holds for 1/2 < a < 3/2 and inequality (jl.3p holds 
for 1/2 < a < 1. 

In relation to Hardy's inequality (jl.ip for p = 2, we note the following well-known Hilbert's 
inequality |llj Theorem 315] for x, y G I 2 : 

oo 

(1-5) E^r^llxlhHvlb. 

One may regard, other than a constant factor, the entries of both the coefficient matrices of the 
quadratic forms of the left-hand side expressions of fll.4|> and (jl.5p as special cases of the following 
family of matrices for r > 1: 

2 ) 

Note here that the case r = 1 above gives the case for (jl.5p . except for a factor of 2 and the case 
r — > +oo gives the corresponding case for (jl.4l) . We point out here the norms of the matrices given 
in (jl.5p . or more generally, the norms of matrices whose (i, j)-th entry given by K(i,j) with K(x, y) 
positive, decreasing with respect to both x and y and homogeneous of degree —1 was studied by 
Schur in [13], see also pTJ Theorem 318-320]. 

We note also that there is a different version of Hilbert's inequality [11, Theorem 294], which 
asserts that for a sequence of complex numbers w, 



(1-6) [Pr\hj)) , Pr(i,j) 



(1.7) 
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The best constant n was first determined by Schur [14] . One may regard the entries of the coefficient 
matrix on the left-hand side expression of the above inequality as obtained from those of (jl.5p by 
replacing the "+" sign by the "— " sign and omitting the diagonal entries. In our proof of Theorem 
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II. 1| we shall make use a quadratic form whose coefficient matrix is essentially (other than a constant 
factor) given by the case of r — > +00 of the following family of matrices of r > 1: 

(1.8) (p- 1 (^j 1 - a ,i 1 - a 3 a ) 

where a is a parameter and P r is given as in (|1.6j) . In view of our discussions above, it is natural to 
ask whether one can establish inequalities similar to (|1.7p with the coefficient matrix given by the 
case r = 1 of (jl.8p with the "+" sign replaced by the "— " sign and omitting the diagonal entries. 
This is indeed possible and was done by Schur in [14J. In what follows, we shall give a more general 
statement of Schur's result by first pointing out that Montgomery and Vaughan [13] (see also [T2| 
Theorem 2]) has given the following generalization of Hilbert's inequality (jl.7|) : 

Theorem 1.2. Suppose that Ai < A2 < • • • < Xr, and that A r +i — A r > 8 > for 1 < r < R. Then 
for any w, 



W r \ 2 ■ 



The above inequality is useful in deriving the formulation of large sieves, which have applications 
in number theory. Schur's result can now be formulated in the following way: 

Theorem 1.3. Let a > 1 be fixed. Suppose that Ai < A2 < • • • < Xr, and that A r +i — A r > 5 > 
for 1 < r < R. Then for any w, 



r 



a-1 

E{A r <\ s ) 2 W r W s 7T ^ 2 
; ; < — r / K^r 1 



We recall that the Schur product or the Hadamard product of two matrices X = (xij) and 
Y = (yij) is given by X o Y = (xijj/jj) • A well-known result of Schur asserts that if X is positive 
definite Hermitian, then ||A^o Y|| 2i 2 < maxj(xj j)| \Y\ 1 2,2 - Schur also showed in [TJ] that the matrix 

a—: 

X — / — ^s)(X r X s ) 2 



\ ~ A s 

is positive definite Hermitian for a > 1, where X rr = 1/a. Now, Theorem 11.31 is readily proved 
following our discussions above applied to X o Y with Y being the coefficient matrix of the left-hand 
side expression of (jl.9|) . In section HI we shall give a direct proof of Theorem 11.31 following the 
method in |12j . 

2. A BILINEAR APPROACH TO I 2 NORMS OF WEIGHTED MEAN MATRICES 

In this section we first recall the following duality principle concerning the norms of linear 
operators: 

Theorem 2.1. |12| Lemma 2] Let C = (c nir ) be a fixed N x R matrix. Then the following three 
assertions concerning the constant U for any x £ l g ,y £ l q are equivalent: 
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For I 2 norms of weighted mean matrices, we now point out our general approach. Our goal is to 
determine, for given A^'s, the best constant U so that the following inequality holds for any a£l 2 : 



oo n , _ co 

E|E^?| s</£ 

n=l k=l n=l 



It suffices to consider the cases with the infinite summations above replaced by any finite summa- 
tions, say from 1 to N > 1 here. We may also assume dj > for all i here. Now we have 

Nn.Nn.. N N \ \ 

A; \ ^ \ / \ -< AiAi \ \ „ „ \ -< A;A 



( 2 - 2 ) Y (Y ir ai ) = Y(Y -xr a ^) = Y PijWh fcj Y 

n=l i=l n=l i,3=l «J=1 fc=max(lj) K 

We view the above as a quadratic form and define the associated matrix A to be 

A = 

We note that the matrix A is certainly symmetric and positive definite, being equal to B t B with 
B a lower-triangular matrix, 

B = ( r)i j ) , rji j = Xj/Ai, 1 < j <i; rnj = 0,j>i. 

\ J l<i,j<N 

In order to achieve our goal, it suffices to find the maximum eigenvalue of A. Instead of working 
with the matrix A directly, sometimes it is easier to take an equivalent approach. By the duality 
principle of linear operators (Theorem 12.11 above), the norm of a linear operator acting on the l p 
space is equal to the norm of its adjoint acting on the dual space l q . In our case, we may regard 
inequality (|2.ip as giving a bound of the norm of the linear operator B acting on the I 2 space, 
which is self-dual. Hence its adjoint B l (as B is real) also acts on I 2 with the same norm as A. If 
we reformulate this in terms of inequalities, what we need to prove are the following Copson (see 
[TH Theorems 331, 344]) type inequalities: 

N N X 2 N 

Y\YT k ak ^ U Y^ 2 - 

n=l k=n n=l 

Now we have (as > 0) 

AT N , N n . 2 N ^min(ij) . 2 

(2-3) E ( E = E ( E jfe<*,) = E f>j a > a 3' 7,. = 

n=l k=n n=l i,j=l i,j=l 

In summary, in order to establish (|2.ip . we are thus led to the consideration of the following 
quadratic form (or with fyj replaced by jij) with a, b G I 2 : 

N 

Y j 'J ,l:h r 

We may assume that > 0, bj > for any i,j and now we recall the following well-known Schur's 
test: 

Lemma 2.1. Let p > 1 be fixed and let A = j)i<i j<jsr be a matrix with non-negative entries. 
If there exist positive numbers U±,U2 and two positive sequences c = (cj), 1 < i < N; d = (dj), 1 < 
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i < N , such that 

N 
N 

i=i 

Then 

\\A\\ PtP <u{liul /p . 

When we apply the above Lemma to the special case of p = 2, c = d, we see that (once again by 
duality) if one can find a positive sequence c so that 

£fly(-J <Ui, ±<i<N; <U2, l<j<N, 

for some positive constants U%,U2, then 

iV N 1/2 AT 

ij' = l 1=1 jr' = l 

From this we see that one can take U = (t^i^) 1 / 2 hi (|2.ip . We point out here that the above 
approach is the one used in the proof of Theorem 318 in [11]. In the special case of \k = 1, observe 
that jij = 1/ max(z, j) and one takes Cj = 1/i to see that on comparing with the corresponding 
integral (as the integrand is a decreasing function), we have 

^ 7J W -Jo maxl,i VjV 



i=i 

and one can also take U2 = U\ here by symmetry. This implies Hardy's inequality (jl.ip for p = 2. 
In the next section, we will proceed along the same line above to give a proof of Theorem 11.11 

3. Proof of Theorem 11.11 

We first look at the case of inequality (|1.2p for p = 2, 1/2 < a < 3/2. For any real number a 
satisfying 1/2 < a < 3/2, we denote M(a) = (rriij) for the matrix whose entries are given by 

a 2 minfi 20 - 1 ^ 20 "" 1 ) 

mi o = ; r . 

' 3 (2a - l)i a j a 

We apply Lemma 12.11 for Cj = di = 1/i to see that, on comparing with the corresponding integral 
(as the integrand is a decreasing function) 

N 1/0 2 N 



'CAi/2 _ a 2 " 1 (j/i)"- 3 / 2 

.cJ 2a - 1 ^ i max(l, (j/i) 2a - 1 ) 

3=1 ' j=i 



a 2 t Q ~ 3 / 2 , a 2 / 1 



" 2a- 17 max(l,t 2 "- 1 )^ (a-l/2) 2 V 2 Vn) ^ 

and one can also take U2 = U\ here by symmetry. This now implies the following inequality for 
1/2 < a < 3/2 by LemmaEU 

N N N r a~l 1 i\ n 2 N 

(3.1) 2^ m M aia i = Z^iZ^ -5 a V ^ ( a -1/2)2 Z^ Q ^' 

i,j=l n=l i=n i=l 
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for a. £ I 2 with > 0. Here, the function L2 a -i(n, n — 1) is defined as in the following lemma with 
r = 2a — 1, a = n, b = n — 1: 

Lemma 3.1 ([3J Lemma 2.1]). Let a > 0, b > and r be real numbers with a ^ b, and let 

L r (a,b) = (± (r/0,1), 

\r(a - b)J 

L (a,b) 



log a — log b ' 

L 1 (a,b) = 



1 /a*\ 1/(a - b) 



The function r i— ► L r (a, b) is strictly increasing on K. 

We now apply the duality principle Theorem 12.11 to (|3.1|) to see that it is equivalent to the 
following inequality: 

N N n T a-1 c • i\ „ 9 AT 



(3.2) E n ^ Q i = E(E 2 " U «0 ^ 7^3T7^2 E a ?' 

i,j=l n=l i=l " \ I I i=1 

for a£l 2 with a, > 0. Here, 

N 1 

•^(m-I^Uj-I) £ _ 



fc=max (ij) 

Now, to establish (jl.2p . we just need to show that for every a > 1/2, 1 < i < n, 

i a -(i-l) a < aL^^i-l) 
n a — n a 

which is easily seen to follow from Lemma 13. II with a = i, b = i — 1 (with r = a and 2a — 1). 

We note that if we denote N(a) = (riij), then we can also obtain N(a) from M(a) by the 
following similarity transformation: 

N(a) = FEM(a)E~ 1 F~ 1 , 
where E = (eij)i<ij<jv, = (eij)l<i,j<JV, # = (fi,j)i<i,j<N are given by 

£i,i = i a -, Cj^-i = — (z — 1) Q , ejj = otherwise; 

e M = ^> *; e ^ = °> j > *; 

/«=(< ao - 1 -(<-l) a *- 1 )" 1/2 «y. 

We end this section by pointing out that another way of proving (|1.2p for the case p = 2, 1/2 < 
a < 3/2 is to show that 7$,- < mjj where 74,- is given as in (|2.3p with = k a — (k — l) a_1 . In 
fact, we may assume that i < j and observe that 

7i,j — 



AjA 7 - i a j a i a j a 



< 



i a j a (2a - l)i a j 

where the inequality above follows from Cauchy's inequality. 

Now we consider (|1.3p for the case 1/p < a < 1, and we show that in this case inequality ([1.3 
follows from the relevant case of inequality ([ 1 . 2 j) . To show this, we need two lemmas: 
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Lemma 3.2. [5, Lemma 2.1] Let u, v be n-tuples with non-negative entries with n > 1 and 

k k n n 

^Ui^^vi, i<fc<n-i; = y^i- 

j=l j=l 8=1 t=l 

i/ien /or any decreasing n-tuple a, 

n n 
i=l i=l 

Lemma 3.3. [7J Lemma 2.4] Lei p > 1 anc? ^4 = {a n k)nk>X be a finite lower triangular matrix. If 
a n,k > a n,k+i f° r all n > 1 , 1 < k < n — 1 , then 

\\A\\ PtP = sup | ||Ax|| p : ||x||p — land x decreasing^. 

Now back to the proof of (|1.3|) for the case 1/p < a < 1. We can replace the infinite sum by a 
finite sum from 1 to N with N > 1 and assume aj > 0. It follows that we can apply Lemma 13.31 
with the corresponding matrix A being a finite lower triangular matrix with a n j- < a n: k+i for all 
n > 1,1 < k < n — lto conclude that it suffices to prove (11.30 for the case of a being decreasing. 
It follows from Lemma 13.21 that we will be done if we can show that for any k < n, 

Eti« tt ~ 1 < fc tt 

Er=i^ -1 _ ™ a ' 

since one knows already that (|1.2p holds. By induction, it suffices to show the above inequalities 
for the case k = n — 1. In this case we can recast the above inequality as 

n — 1 

P„-i(a-l) > , 

n 

where for any integer n > 1 and any real number r > 0, we define 

l/r 



Our proof now follows from a combination of two results of Alzer [i] and [2J Theorem 2.3], which 
asserts that for any real r, 

P n {r) > — — = lim P n (r). 
n + 1 r— »+oo 

4. Proof of Theorem 11.31 

We now give the proof of Theorem 11.31 and we reserve the letter i for the complex number y/—l 
in this section. From the duality principle of linear operators Theorem 12. 1\ it suffices to show that 

I 4- A" -A" -c^ZJ^I- 

We multiply out the square on the left and take the sum over r inside to see that the left-hand side 
is 

a — 1 a—1 

> (-VA S ) 2 (A r A 4 ) 2 



st r A r - A s \ - A t 

Writing the diagonal terms separately, we see that this is 

(A r A s ) a-1 , ^_ (XsX t )^ ( A"- 1 K~ X 



lWsl ^ (A? - A") 2 + 2-,™*™' A? - A? V VA ? " A? A° - A Q 



8 PENG GAO 

For the second term above, we write it as the difference of two terms in which the inner summands 
are A" _1 (A" — A") -1 and A° _1 (A" — Xf respectively. In the first of these we introduce the new 
term for r = t, and similarly for the second. Thus the second term above is 

(A s At) 2 ^-^ A" -1 v (X s Xt) 2 v-^ A" -1 

W s Wt— : > : > W s Wt— : > 



\- (XsX^xr 1 , \- (aa)^- 1 

We denote ^\ and ^ 2 for the first two terms above, respectively. Now we may assume that 
the iiv's are extreme and as the coefficient matrix is skew-Hermitian, the extremal w r 's are the 
coordinates of an eigenvector. Hence, there is a real number [i such that 

E(X r X s ) £ ^ 1 w r . 
——-— = lflWs , 1< S <R. 



K - K 

Taking the sum over t inside in and using the above, we find that 

(A s Ai) 2 ^-^ \" 1 . v~~v | ,2 A" 1 

st A s A t r A r A s s r A r A s 

Making the same simplification in ^ 2 we find that Yli = f° r those extreme w r 7 s. Thus we 
have 

Q-l 



El (A r A s ) 2 w s 

r s r 



s 1 i2V^ (A r A s ) Q 1 — (A s At) 2 (A" 1 + A" 1 ) 

- ? KI Vw^W + ^ w ' w ' w^fP 

< Vl l 2 V (ArA,)"- 1 v /ks| 2 (AsAf)^ J "(A"' 1 + A" -1 ) 

- Z^l»«l 2-, {X? _ A a)2 + 2-, I 2 + 2 j (A«-A?) 2 



(A r A s ) Q_1 + (A.A^^CAr 1 + Ar 1 ) 



(A? - A Q ^ 2 



r 



where we have used |to s ^| < — I" ^5^" i n the second inequality above. To establish Theorem 
11.31 it now suffices to show that for a > 1, 

r , n (A r A s r- 1 + (A r A,) 2 f 1 (Ar 1 + Ar 1 ) a 



(A? -A") 2 " a 2 (A r -A s ) 2 ' 



as the rest will follow from the treatment in the proof of Theorem 2 in [12] . 

To establish (|4.ip for a > 1, we note first that by the arithmetic-geometric mean inequality, 

\a— 1 _i_ \a— 1 
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Hence it suffices to show that 



(A»-A«)2 " « 2 (A r -A,)2- 

Without loss of generality, we may assume A r . > A s and on letting t = X r /X s , we can recast the 
above inequality as 

^(i"- 1 + 1) f t a - 1 \2 



,a(t - 1) 

We now set y = to rewrite the above inequality as 

+ / W^- 1 ) - 1 \2 
(4.2) — - < ' 1 



2 - VaG/Vte-i) -1)/ ' 
We let (3 = l/(a — 1) to write the right-hand side expression above as 

/ 2 (l + /3) fm _ / ~ 1 
/ 2 (/3) ' nP) (3 ' 
We want to show the above function is increasing with (3 for (3 > 0, which one checks is equivalent 
to 

/'(! + /?) /'(/?) 
+ " /(/?)■ 

The above inequality follows if one can show that / (/3)//(/3) is an increasing function of /?. Direct 
calculations show that 

l/O^ (y/3- 1)2 

To show the right-hand side expression above is > 0, it is equivalent to showing that (note that 
y > 1 here) 

/-I = tf]nyy°ds p/2 

[3 (3-0 - y v • 

The above inequality now follows from the well-known Hadamard's inequality (with h(x) = Iny ■ 
y x , a = 0, b = (3 here), which asserts that for a continuous convex function h(x) on [a, b], 

(4.3) — - < / h(x)dx < y ' K 

2 b-a J a 2 

It follows now that 

f(i + P)\ 2 y lim ff(i + P)V fy-W 



/09) / -^o+ v /(/?) ; V In y 

Thus in order to prove (|4.2p . it suffices to show that 

y% + l) /'i/- 1^ 2 



2 ~ V lny 
We rewrite the above as 

'lny-lnl\2 _ / f*)nada\2 



/ in y — in 
V y- 1 



< 



y-i y v y -i ; y 2(y + i) 

Apply Hadamard's inequality (|4.3f) again here with /i(x) = — lnx, a = 0, 6 = y, we see that 

In sds\ 2 / 2 \2 2 



y-1 J \y + V y%+l) 

where the last inequality follows easily from the arithmetic-geometric mean inequality and this 
completes the proof of Theorem 11.31 
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5. Some Remarks 

We point out here that the matrix (Tij) given in (|2.3j) is related to the matrix (J3ij) as given in 
2.2p by the following similarity transformation: 



H,3 



= GHAH- l G~ l , 

l<i,j<N 



where A = A,i i H = (hi,j)i<i,j<N, H 1 = (h[ ,-)l<i,i<JV, G = (gu)i<ij<N with 

V / l<i,j<N " 



hi,j = Xj, j < i; hi j = 0, j > i; 

h' ii = l/Xi, h\ i _ 1 = — 1/Aj, hij = otherwise; 

Ai 
A,- 



9i,j — A 



We note here in the special case of = 1, which corresponds to Hardy's inequality (jl.ip . the 
above relation is used in |16] , in which case 7jj = 1/ max(i,j). As (jij) and ^4 have the same set 
of eigenvalues, we are again led to our approach above. 
We note that if one can show that for any 

(5.1) 7i ,- > l/max(i, j), 



then inequality (|2.1j) holds with U > 4, as the right-hand side expression above corresponds to the 
value of 7i when Afc = 1. We may now assume that i < j and note that (15. lj) holds when i = j by 
Cauchy's inequality. For the general case, note that 



V^min(ij) \2 v^min(j,j) , 2 a t 
Z^fc=l A fc = 2^fc=l A fc A i > Jm_ 

AjAj A| Aj ~ iA 3 -' 



7<j 



It is easy to see that when the A/t's are decreasing, then the right-hand side expression above is 
no less than the right-hand side expression of (|5.ip and hence we have just shown that when the 
Afc's are decreasing, then inequality (|2.ip holds with U > 4. This now gives another proof of a 
result of Bennett [SJ Theorem 1.14 (a)] for the case of weighted mean matrices when p = 2. We 
point out here that Bennett's result Theorem 1.14 ] is more general and covers the case for any 
summability matrix. The non-trivial part of his result [5 S Theorem 1.14(b)], which asserts that for 
any summability matrix A, if the rows of A are increasing, then 

p,p ^ OS 

is a consequence of |11| Theorem 332] when A is a weighted mean matrix. In fact, by a change of 
1/d 

variables a n — > A n a n , we see that it yields 



oo - n 



n=l 7t ^ k=l 



" j — 1 



from which one deduces Bennett's result easily. 

We end this paper by pointing out that in view of (|3.2p and Lemma f3.lt the following inequality 
holds for any a£/ 2 for 1/2 < a < 3/2,max(2a — l,a) > s > min(2a — l,a): 



ON I 2 NORMS OF SOME WEIGHTED MEAN MATRICES 



11 



References 

[1] H. Alzer, On an inequality of H. Mine and L. Sathre, J. Math. Anal. Appl., 179 (1993), 396-402. 

[2] H. Alzer, Refinement of an inequality of G. Bennett, Discrete Math., 135 (1994), 39-46. 

[3] H. Alzer, Sharp bounds for the ratio of g-gamma functions, Math. Nachr., Ill (2001), 5-14. 

[4] G. Bennett, Factorizing the classical inequalities, Mem. Amer. Math. Soc., 120 (1996), 1-130. 

[5] G. Bennett, Inequalities complimentary to Hardy, Quart. J. Math. Oxford Ser. (2), 49 (1998), 395-432. 

[6] G. Bennett, Sums of powers and the meaning of F , Houston J. Math., 32 (2006), 801-831. 

[7] C.-P. Chen, D.-C. Luor and Z.-Y. Ou, Extensions of Hardy inequality, J. Math. Anal. Appl, 273 (2002), 160-171. 
[8] P. Gao, A note on Hardy-type inequalities, Proc. Amer. Math. Soc., 133 (2005), 1977-1984. 
[9] P. Gao, Hardy-type inequalities via auxiliary sequences, J. Math. Anal. Appl, to appear. 
[10] P. Gao, On V norms of weighted mean matrices, arXiv:0707.1473 

[11] G. H. Hardy, J. E. Littlewood and G. Polya, Inequalities, Cambridge Univ. Press, 1952. 

[12] H. L. Montgomery, The analytic principle of the large sieve, Bull. Amer. Math. Soc., 84 (1978), 547-567. 

[13] H.L. Montgomery and R.C. Vaughan, Hilberts inequality, J. London Math. Soc. (2), 8 (1974), 73-82. 

[14] I. Schur, Bemerkungen zur Theorie der beschrankten Bilinearformen mit unendlich vielen Veranderlichen, J. 

Reine Angew. Math., 140 (1911), 1-28. 
[15] L. Wang and Y. Yuan, A stronger extension of the Hardy inequality, Linear Algebra Appl., 270 (1998), 275-286. 
[16] H. Wilf, On finite sections of the classical inequalities, Nederl. Akad. Wetensch. Proc. Ser. A=Indag. Math., 24 

(1962), 340-342. 

Department of Computer and Mathematical Sciences, University of Toronto at Scarborough, 1265 
Military Trail, Toronto Ontario, Canada MIC 1A4 
E-mail address: penggao@utsc .utoronto . ca 



